A 9-THEORETICAL PROOF OF HARTOGS' 
EXTENSION THEOREM ON STEIN SPACES WITH 
ISOLATED SINGULARITIES 

J. RUPPENTHAL 

Abstract. Let X he a connected normal Stein space of pure 
dimension d > 2 with isolated singularities only. By solving a 
weighted 9-equation with compact support on a desingularization 
of X, we derive Hartogs' Extension Theorem on X by the d-idea. 
due to Ehrenpreis. 



1. Introduction 

Whereas first versions of Hartogs' Extension Tlieorem (e.g. on poly- 
discs) were usually obtained by filling Hartogs' Figures with holomor- 
phic discs, no such geometrical proof was known for the general The- 
orem in complex number space for a long time. Proofs of the general 
Theorem in C" usually depend on the Bochner-Martinelli-Koppelman 
kernel or on the solution of the 9-equation with compact support (the 
famous idea due to Ehrenpreis |Ehj ). 

Only recently, J. Merker and E. Porten were able to fill the gap 
by giving a geometrical proof of Hartogs' Extension Theorem in C" 
(see [MePol] ) by using a finite number of parameterized families of 
holomorphic discs and Morse-theoretical tools for the global topological 
control of monodromy, but no 5-theory or intergal kernels (except the 
Cauchy kernel). 

They also extended their result to the general case of (n— l)-complete 
normal complex spaces (see |MePo2] ) . where no proof was known until 
now at all. One reason is the lack of global integral kernels or an 
appropriate 5-theory for singular complex spaces. The present paper is 
a partial answer to the question of Merker and Porten wether it could be 
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possible to use some 5-theoretical considerations for reproducing their 
result on {n — l)-complex spaces. More precisely, we solve a weighted 
9-equation with compact support on a desingularization of X, in order 
to derive the following statement by the principle of Ehrenpreis: 

Theorem 1.1. Let X be a connected normal Stein space of pure di- 
mension d > 2 with isolated singularities only. Furthermore, let Q be 
a domain in X and K G Q a compact subset such that Q \ K is con- 
nected. Then each holomorphic function f G 0{Q \ K) has a unique 
holomorphic extension to the whole set VL. 

For a more detailed introduction to the topic, we refer to |MePol] 
and |MePo2j . 

2. Proof of Theorem 11.11 

The assumption about normality implies that X is reduced. For con- 
venience, we may assume that X is embedded properly into a complex 
number Let 

-K-.M^X 

be a resolution of singularities, where M is a complex connected man- 
ifold of dimension d, and vr is a proper holomorphic surjection. Let 
E := 7r~^(SingX) be the exceptional set of the desingularization. Note 
that 

Ti\M\E-M\E^X\^mgX (1) 

is a biholomorphic map. For the topic of desingularization we refer 
to jXHL] . pMi] and [Hij. It follows that M is a 1-convex complex 
manifold, and that there exists a strictly plurisubharmonic exhaustion 
function 

p : M ^ [—oo, oo) , 

such that p takes the value — oo exactly on E (see |CoMi] ). We can 
assume that p is real-analytic on M \E. Let 

Q' := n-\Q), K' := n-\K), F := f o n e 0{Q' \ K'). 



^^ee [Nalj . The result is due to R. Remmert 
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Note that K' is compact because vr is a proper map. VL\K is a connected 
normal complex space. Hence, VL\K \ SingX is still connected. So, 
the same is true for Q' \ K' \ E because of ([1]). But then Q' \ K' and 
Q' are connected, too. That means that the assumptions on Q and K 
behave well under desingularization. Choose S > such that 

K' cD:={zeM : p{z) < 6}, 

which is possible since p is an exhaustion function. But p is also strictly 
plurisubharmonic outside E, and it follows that D is strongly pseudo- 
convex. We will use the fact that 

dim//9(D,5) < oo (2) 

for all coherent analytic sheaves S and q > 1. This result goes back to 
Grauert who originally proved it in case S = O (see |Grl] ). Let 

be a smooth cut-off function that is identically one in a neighborhood 
of K' and has compact support in D HQ' such that 

n'\C (with C := suppx) (3) 

is connected. That is possible if we choose the neighborhhod of K' 
small enough. 

Consider 

G:= {i-x)FeC°^{Q'), 

which is an extension of F to Q', but unfortunately not holomorphic. 
We have to fix it by the idea of Ehrenpreis. So, let 

which is in fact a 5-closed (0, l)-form with compact support in C C 
D r\Q' . We are now searching a solution of the 5-equation 

dg = u. (4) 

But we only know that D is a strongly pseudoconvex subset of a 1- 
convex complex manifold. This is now the place to introduce some ideas 
from the ^-theory on singular complex spaces. We will use a result of 
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Fornaess, 0vrelid and Vassiliadou presented in |FOVlj . Lemma 2.1. We 
must verify their assumptions. So, let 

D := 7r{D). 

That is a strongly pseudoconvex neighborhood of the isolated singular- 
ities in X. Hence, it is a holomorphically convex subset of a Stein space 
by the results of Narasimhan (see |Na2] ) . and therefore Stein itself. 

Let be the sheaf of ideals of the exceptional set E in M. Now, the 
result of Fornaess, 0vrelid and Vassiliadou reads as: 

Theorem 2.1. Let S be a torsion-free coherent analytic sheaf on D, 
and q > 0. Then there exists a natural number T G N such that 

is the zero map, where ig is the map induced by the natural inclusion 
J^S ^ S. 

This statement reflects the fact that the cohomology of M is con- 
centrated along the exceptional set E, and can be killed by putting 
enough pressure on E. We will now use Theorem 12.11 with the choices 
q = n — 1 and S = Q]^ the canonical sheaf on D. So, there exists a 
natural number /i > such that 

z„_i : H--\D,J>^ni) ^ H''-\D,ni) (5) 

is the zero map. We will use Serre Duality (cf. [Se]) to change to the 
dual statement. But, can we apply Serre-Duality to the non-compact 
manifold Dl The answer is yes, because higher cohomology groups are 
finite-dimensional on D by the result of Grauert ([2]), and we can use 
Serre's criterion ([Be], Proposition 6). So, we deduce: 

I, : Hl,{D, On) - <*(I5, J-'^Oo) (6) 

is the zero map, where ic is induced by the natural inclusion C/j > 
J'^'^Od. This statement means that we can have a solution for the 
5-equation (jlj) with compact support in D that has a pole of order /i 
(at most) along E. Let us make that precise. 
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J^^Od is a subsheaf of the sheaf of germs of meromorphic func- 
tions M.D- We will now construct a fine resolution for J~^Od- Let 
denote the sheaf of germs of smooth (0, g)-forms on D. We con- 
sider J'^C^^ as subsheaves of the sheaf of germs of differential forms 
with measurable coefficients. Now, we define a weighted 9-operator on 
J'^'C^q. Let / G {J'^C^q)z for a point zeM. Then / can be written 
as / = h^^fo, where h G {Od)z generates J'z and /o G {C^q)z- Let 

9_^/:=/i-^a/o = /i-^a(/i^/). 

We obtain the sequence 

^ J-^Od ^ J'^'C^o J^'^C^i ^ J^'^C^d 0, 

which is exact by the Grothendieck-Dolbeault Lemma and well-known 
regularity results. It is a fine resolution of J'^On since the J~^C^q 
are closed under multiplication by smooth cut-off functions. Therefore, 
the abstract Theorem of de Rham implies that: 



^ ker : J-^'C^qiD) ^ J-^C^^^,iD)) 



Im {d^, : :r-MC-_i(D) ^ J-^C^qiD)) 

and we have the analogous statement for forms and cohomology with 
compact support. Recall that 

u G C^,{D) 

is 5-closed with compact support in D. By the natural inclusion, we 
have that 

too, and it is in fact (?„^-closed. But then (Q tells us that there exists 
a solution g G J-^'C°°{D) such that 

and g has compact support in D. So, g G C°°{M \ E) with support in 
D, and 

dg = uj = dG = d{{l - x)F) on \ E. 

Recall that 

supp oj <Z C = supp X, 
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and that n'\C is connected But then M \C and M \C \ E are 
connected, and g is a. holomorphic function on M\C\E with support 
in D. Hence 

supp g d C. 

So, 

F:={l-x)F-geO{^l'\E) 

equals F on Vl'\E\C. 
But then 

/:= ((l-x)i^-^)o7r-i eO{n\^ingX) 

equals / on some open set, and it has an extension to the whole domain 
VL by Riemann's Extension Theorem for normal spaces (see |GrRe] . for 
example). The extension / is unique because Vt\K is connected and X 
is globally and locally irreducible (see again [GrRej ). That completes 
the proof of Theorem ll.li With a little more effort, one can remove 
the assumption that X should contain only finitely many singularities, 
because K has a neighborhhod in Vt that contains only a finite number 
of singular points. 

Acknowledgments 

This work was done while the author was visiting the University of 
Michigan at Ann Arbor, supported by a fellowship within the Postdoc- 
Programme of the German Academic Exchange Service (DAAD). The 
author would like to thank the SCV group at the University of Michigan 
for its hospitality. 

References 

[AHL] J. M. Aroca, H. Hironaka, J. L. Vicente, Desingularization theorems, 

Mem. Math. Inst. Jorge Juan, No. 30, Madrid, 1977. 
[BiMi] E. BiERSTONE, P. MiLMAN, Canonical desingularization in characteristic 

zero by blowing-up the maximum strata of a local invariant, Inventiones 

Math. 128 (1997), no. 2, 207-302. 
[CoMi] M. COLTOIU, N. MiHALACHE, Strongly Plurisubharmonic Exhaustion 

Functions on 1-Convex Spaces, Math. Ann. 270 (1985), 63-68. 
[Eh] L. Ehrenpreis, A new proof and an extension of Hartogs' theorem, Bull. 

Amer. Math. Soc. 67 (1961), 507-509. 



HARTOGS' EXTENSION THEOREM 



7 



[FOVl] J. E. FORN^SS, N. 0VRELID, S. Vassiliadou, Semiglobal results for d 
on a complex space with arbitrary singularities, Proc. Am. Math. Soc. 133 
(2005), no. 8, 2377-2386. 

[Grl] H. Grauert, On Levi's problem and the embedding of real-analytic sub- 
manifolds, Ann. Math. 68 (1958), 460-472. 

[GrRe] H. Grauert, R. Remmert, Coherent Analytic Sheaves, Springer- Verlag, 
Berlin, 1984. 

[Ha] H. Hauser, The Hironaka theorem on resolution of singularities. Bull. 
(New Series) Amer. Math. Soc. 40, no. 3, (2003), 323-403. 

[MePol] J. Merker, E. Porten, A Morse- Theoretical Proof of the Hartogs' Ex- 
tension Theorem, J. Geom. Anal. 17 (2007), no. 3, 513-546. 

[MePo2] J. Merker, E. Porten, The Hartogs' extension theorem on (n - 1)- 
complete complex spaces, preprint. larXiv:0704T3216l 

[Nal] R. Narasimhan, Imbedding of holomorphically complete complex spaces, 
Amer. J. Math. 82 (1960), 917-934. 

[Na2] R. Narasimhan, The Levi problem for complex spaces (H), Math. Ann. 
146 (1962), 195-216. 

[Se] J. -P. Serre, Un Theoreme de Dualite, Comment. Math. Helv. 29 (1955), 
9-26. 



Mathematisches Institut, Universitat Bonn, Beringstr. 1, D-53115 
Bonn, Germany. 

E-mail address: jecinQmath.uni-bonn.de 



